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Antispeial yles on the Drinfeld upper half plane and
degenerate Hirzebruh-Zagier yles
Ulrih Terstiege
Abstrat
We dene the notion of antispeial yles on the Drinfeld upper half plane in
analogy to the notion of speial yles in [KR1℄. We determine equations for an-
tispeial yles and alulate the intersetion multipliity of two antispeial yles.
The result is applied to alulate the intersetion multipliity of ertain degener-
ate Hirzebruh-Zagier yles. Finally we ompare this intersetion multipliity to
ertain representation densities.
Introdution
Let k be an algebraially losed eld of harateristi p > 2, and let W = W (k) be
its ring of Witt vetors. Let B be a division quaternion algebra over Qp, and let OB
be its ring of integers. Aording to Drinfeld ([D℄), a speial formal OB-module over a
W -sheme S is a p-divisible formal group X over S of dimension 2 and height 4, with an
OB-ation ι : OB → EndS(X) suh that the indued Zp2 ⊗OS-module LieX is, loally
on S, free of rank 1. Let Ω̂ be the formal model of the Drinfeld upper half plane for
Qp, and let M = Ω̂ ×Spf Zp Spf W . Reall that M represents the following funtor on
the ategory Nilp of W -shemes S suh that p is loally nilpotent in OS (omp. [BC℄ or
[KR1℄). Let X be a xed speial formal OB-module over Speck. The funtor assoiates
to a sheme S ∈ Nilp the set of isomorphism lasses of pairs (X, ̺), where X is a speial
formal OB-module over S and where
̺ : X×Spec k S → X ×S S
is an OB-linear quasi-isogeny of height 0. Here, S = S ×SpecW Spec k.
We write
Zp2 = Zp[δ]/(δ
2 −∆),
for some ∆ ∈ Z×p whih is not a square and write
OB = Zp2 [Π]/(Π
2 − p), Πa = aσΠ (a ∈ Zp2).
Following [KR1℄ we all an element j ∈ End(X) ⊗Zp Qp speial if it ommutes with
the OB-ation and its trae is 0.
1
Let ∗ be aQp-linear automorphism of order 2 ofB. By the theorem of Skolem-Noether
there is some b∗ ∈ B suh that ∗ = Int(b∗), i.e. x
∗ = b∗xb
−1
∗ . The element b∗ is unique
up to multipliation by some element of Q×p . We say that an element j ∈ End(X)⊗ZpQp
is ∗-speial if jι(a)j−1 = ι(a∗) ∀a ∈ B, and if sj := ι(b
−1
∗ )j has trae 0. (This means
that sj is speial, sine it follows from the rst ondition that sj ommutes with the
OB-ation.)
Sine ∗ has order 2, it follows that b2∗ ∈ Qp. We will hoose b∗ in suh a way that
b2∗ has valuation 0 or 1. Preisely one of these possibilities an be realized. In the rst
ase we all ∗ unramied (sine Qp(b∗) is an unramied quadrati extension of Qp in this
ase), in the seond ase we all ∗ ramied (sine Qp(b∗) is a ramied quadrati extension
of Qp in this ase). Hene b∗ is a unit in OB if ∗ unramied, and b∗ = Π · ε∗, where ε∗
is a unit in OB , if ∗ is ramied. In the latter ase we write b
2
∗ = η∗p for some η∗ ∈ Z
×
p .
Note that sine ε∗ is unique up to multipliation by some element of Z×p , it follows that
the quadrati residue harater χ(η∗) is well dened.
Let V [∗] be the spae of ∗-speial endomorphisms. It is a quadrati Qp-vetor spae
via the quadrati form
q(j) = (psj)
2.
(The saling by p is done to failitate the omparison with speial yles, f. Theorem
0.1. Note that the ambiguity in the hoie of b∗ leads to an ambiguity in sj and hene in
q. But q is unique up to multipliation by some element of Z×,2p .) The quadrati form
q indues a bilinear form β on V [∗] given by β(j1, j2) = q(j1 + j2) − q(j1) − q(j2). If
j ∈ End(X) ⊗Zp Qp, we dene the yle Z(j) to be the losed formal subsheme of M
onsisting of all pairs (X, ̺) suh that ̺ ◦ j ◦ ̺−1 lifts to an endomorphism of X. If j is
speial, resp. ∗-speial, we all Z(j) a speial resp. ∗-speial yle.
The ontent of the rst six setions of [KR1℄ is the desription of speial yles by
equations and the determination of the intersetion produt of two speial yles. Our
rst aim in this paper is to do the same for ∗-speial yles. For unramied ∗ and a
∗-speial j we have Z(j) = Z(sj), whih is a speial yle. For arbitrary unramied ∗ the
notion of ∗-speial yles is the same as the notion of speial yles. Hene from now on
we assume that ∗ is ramied. In this ase we all a ∗-speial yle also an antispeial yle.
The notion of antispeial yles does not depend on the partiular ∗, i.e. all ramied ∗
indue the same ∗-speial yles. We now state our main results on antispeial yles.
Theorem 0.1 Let p > 3, and let j ∈ V [∗] with q(j) 6= 0 and Z(j) 6= ∅. Then Z(j) is a
divisor in M. We have
Z(j) = Z(psj)
pure,
where the upper index pure means the assoiated divisor of Z(psj), i.e. the subsheme
dened by the ideal sheaf of loal setions with nite support. If j2 ≡ 0 mod p then this
statement is also true in ase p = 3.
For the proof we show rst by onsidering Dieudonné modules that Z(j) and Z(psj)
have the same k-valued points. Then we use the known equations for Z(psj) on the one
hand and Grothendiek-Messing theory on the other hand to give equations for Z(j).
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We dene the intersetion produt (Z(j1), Z(j2)) of two antispeial yles Z(j1) and
Z(j2) using the general denition in [KR1℄.
Theorem 0.2 Let j1, j2 ∈ V [∗] suh that j1, j2 span a 2-dimensional nondegenerate
quadrati Zp-submodule of V [∗]. Let
T :=
(
q(j1)
1
2β(j1, j2)
1
2β(j2, j1) q(j2)
)
.
We suppose that T is GL2(Zp)-equivalent to diag(η1pβ1 , η2pβ2), where η1, η2 ∈ Z×p and
1 ≤ β1 ≤ β2 for p > 3, resp. 1 < β1 ≤ β2 for p = 3. Dene εi ∈ Z×p and αi ∈ N by
η∗ηip
βi−1 = εip
αi
. Then
(Z(j1), Z(j2)) =
α1 + α2 + 3−

p(α1+1)/2 + 2p
(α1+1)/2−1
p−1 if α1 is odd and χ(η∗ε1) = −1
(α2 − α1 + 1)p
(α1+1)/2 + 2p
(α1+1)/2−1
p−1 if α1 is odd and χ(η∗ε1) = 1
2p
α1/2+1−1
p−1 if α1 is even,
where χ denotes the quadrati residue harater on Z×p resp. F
×
p .
(Note that by the earlier remarks the values for βi, αi and χ(η∗εi) do not depend on
the hoie of b∗.) This theorem is in fat a simple onsequene of Theorem 0.1 and the
formula for the intersetion produt of speial yles given in [KR1℄ whih only depends
on the divisors assoiated to the speial yles.
Our seond aim in this paper is to apply Theorem 0.2 to ompute the intersetion
produt of ertain degenerate intersetions of arithmeti Hirzebruh-Zagier yles. We
onsider the following moduli problem. Fix a supersingular formal p-divisible group A
over k of height 4 and dimension 2 whih is equipped with an ation
ι0 : Zp2 → End(A),
suh that A is speial with respet to this Zp2-ation. We further suppose that A is
equipped with a polarization
λ : A
∼
−−−−→ Aˆ,
suh that for the Rosati involution ι0(a)
∗ = ι0(a). We onsider the following funtor
MHB on the ategory Nilp. It assoiates to a sheme S ∈ Nilp the set of isomorphism
lasses of the following data.
(1) A p-divisible group X over S, with an ation
ι0 : Zp2 → End(X),
suh that X is speial with respet to this Zp2-ation.
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(2) A quasi-isogeny of height zero
̺ : A×Spec k S → X ×S S,
whih ommutes with the ation of Zp2 suh that the following ondition holds. Let
λS : AS → AˆS be the map indued by λ. Then we require the existene of an
isomorphism λ˜ : X → Xˆ suh that for the indued map λ˜S : XS → XˆS we have
λS = ˆ̺◦ λ˜S ◦ ̺.
This funtor is representable by a formal sheme whih we also all MHB . (We note
that by [RZ℄ the sheme MHB an be used to uniformize the ompletion along the
supersingular lous of the Hilbert-Blumenthal moduli surfae at an inert prime of the
real quadrati eld.) On the isorystal N of A we have a perfet sympleti form. We
dene in this ontext the spae of speial endomorphisms
V
′
= {j ∈ End(N); jι0(a) = ι0(a
σ)j and j∗ = j},
where ∗ denotes the adjoint with respet to the sympleti form. Then V
′
is a 4-
dimensional vetor spae over Qp with quadrati form
Q(j) = j2.
(Compare [KR2℄, 5.) For a speial endomorphism j ∈ V
′
we dene the speial yle
Z(j) as a losed formal subsheme of MHB as above. In analogy to Theorem 0.1 we
have the following
Proposition 0.3 Let j ∈ V
′
be suh that Q(j) 6= 0 and Z(j) 6= ∅. Then Z(j) is a
divisor in MHB.
Now we x a speial endomorphism j1 ∈ V
′
with j21 = ε1p for some ε1 ∈ Z
×
p . Let
V
′
[j1] = {j ∈ V
′
| j ⊥ j1 with respet to the bilinear form assoiated to Q}.
Let j2, j3 ∈ V
′
[j1] be suh that the Zp-span j = Zpj2+Zpj3 has rank 2 as a submodule of
V
′
, and suh that Q indues a nondegenerate bilinear form on j. We further suppose that
the matrix of the bilinear form on j assoiated to Q with respet to the basis j2, j3 is
equivalent to diag(ε2p
β2 , ε3p
β2) with εi ∈ Z×p and 1 ≤ β2 ≤ β3. We dene the intersetion
produt by the Euler-Poinaré harateristi of the derived tensor produt,
(Z(j1), Z(j2), Z(j3)) := χ(M
HB ,OZ(j1) ⊗
L OZ(j2) ⊗
L OZ(j3)),
whih is well dened sine Z(j1) ∩ Z(j2) ∩ Z(j3) is proper over Speck.
Proposition 0.4 Z(j1) is isomorphi toM, suh that Z(ji)∩M for i = 2, 3 an be iden-
tied with the yle assoiated to a ∗-speial endomorphism for ∗ = Int(δj1) (identifying
B with Qp2 [j1]). Furthermore
(Z(j1), Z(j2), Z(j3)) = (Z(j2) ∩M, Z(j3) ∩M).
The latter is given expliitly by Theorem 0.2 in ase ∗ = Int(δj1).
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Our third aim is to ompare the intersetion multipliity (Z(j1), Z(j2), Z(j3)) to
ertain representation densities. To formulate the result, reall that, for S ∈ Symm(Zp)
and T ∈ Symn(Zp) with det(S) 6= 0 and det(T ) 6= 0, the representation density is dened
as
αp(S, T ) = lim
t→∞
p−tn(2m−n−1)/2 | {x ∈Mm,n(Z/p
tZ); S[x]− T ∈ ptSymn(Zp)} | .
For S as above, let
Sr =
S 1r
−1r
 .
Then there is a rational funtion AS,T (X) of X suh that
αp(Sr, T ) = AS,T (p
−r).
Let
α
′
p(S, T ) =
∂
∂X
(AS,T (X))|X=1.
(Compare [KR1℄, 7.) Reall our assumption that the matrix of the bilinear form
on j assoiated to Q with respet to the basis j2, j3 is equivalent to diag(ε2p
β2 , ε3p
β2)
where εi ∈ Z×p and 1 ≤ β2 ≤ β3. Now let T = diag(ε1p, ε2p
β2 , ε3p
β3). (Then T equals
the matrix of the bilinear form assoiated to the quadrati form Q restrited to the Zp-
submodule j
′
:= Zpj1⊕Zpj2⊕Zpj3 of V
′
for a suitable basis of j
′
onsisting of a suitable
basis of j together with j1.) Let S = diag(1,−1, 1,−∆). We show the following
Theorem 0.5
(Z(j1), Z(j2), Z(j3)) = −
p4
(p2 + 1)(p2 − 1)
α
′
p(S, T ).
The proof is by expliit alulation of the r.h.s. and omparing it to the expression
given by Theorem 0.2 for the l.h.s.. The alulation of the r.h.s. uses a ombination of a
lemma of Shimura ([S℄) and a formula for αp(S˜r, T ) in ase S˜ = diag(1,−1, 1,−1) given by
Katsurada ([Ka℄) whih together allow us to alulate α
′
p(S, T ) for our S and T expliitly.
In [KR2℄ an analogous formula for (Z(j1), Z(j2), Z(j3)) is proved in ase Q(j1) ∈ Z×p .
A onjeture of Kudla and Rapoport states that this formula holds in general provided
that j
′
= Zpj1 ⊕ Zpj2 ⊕ Zpj3 is of rank 3 and Q indues a nondegenerate bilinear form
on j
′
. Theorem 0.5 onrms a speial ase of this onjeture.
The paper is divided into ve setions. The rst setion introdues some linear al-
gebra onerning Dieudonné modules and the notion of ∗-speial endomorphisms. The
seond setion introduesM and investigates antispeial yles and their loal equations.
In the third setion we investigate intersetion produts of antispeial yles and prove
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Theorem 0.2. In the fourth setion we disuss the appliation to arithmeti Hirzebruh-
Zagier yles, and in the fth setion we prove Theorem 0.5.
I want to onlude this introdution by thanking those people who helped me to
write this paper. In partiular I thank M. Rapoport for suggesting this topi and for his
stimulating support during the work. My deep thanks go to U. Görtz for many hours
of patient help. Thanks are also due to Prof. Katsurada who gave the ruial hint how
to alulate the representation densities and to Prof. Messing for helpful omments on
p-divisible groups. Finally, I thank Prof. Kudla for alerting me to a mistake in a rst
version of this paper.
1 Speial Dieudonné modules with OB-ation, OB-latties
and ∗-speial endomorphisms
As in the introdution, let k be an algebraially losed eld of harateristi p > 2, let
W = W (k) be its ring of Witt vetors with fration eld WQ, and let σ be the Frobenius
automorphism of W . Also, let B be a quaternion division algebra over Qp, and let OB
be its ring of integers, whih we identify with
OB = Zp2 [Π]/(Π
2 − p),Πa = aσΠ ∀a ∈ Zp2 .
As in the introdution, we also write
Zp2 = Zp[δ]/(δ
2 −∆) for some ∆ ∈ Z×p \ Z
×,2
p .
We will regard Zp2 as a subset of W (the set of elements xed by σ
2
). Let (M,F, V ) be
a Dieudonné module of height 4 and dimension 2. It is a free W -module of rank 4 with
a σ-linear resp. σ−1-linear endomorphism F resp. V satisfying V F = FV = p, and for
whih the k-vetor spae M/VM has dimension 2. Now we assume that M is equipped
with an OB-operation, i.e. an ation ι : OB → End(M) ommuting with F and V . From
the ation of Zp2 we obtain a Z/2-grading,
M = M0 ⊕M1,
where
M0 = {m ∈M | ι(a)m = am ∀a ∈ Zp2},
M1 = {m ∈M | ι(a)m = a
σm ∀a ∈ Zp2}.
If we denote by N the isorystal of M (i.e. the WQ-vetor spae M ⊗W WQ equipped
with the indued notions für F and V and the OB-ation), we also obtain a Z/2-grading,
N = N0 ⊕N1.
Denition 1.1 A speial Dieudonné module with OB-ation is a Dieudonné module
(M,F, V ) over W of height 4 and dimension 2 whih is equipped with an OB-ation suh
that the k-vetor spaes M0/V M1 and M1/V M0 are one dimensional.
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If (M,F, V ) is a speial Dieudonné module with OB-ation and if i ∈ Z/2, we say
that the index i is OB-ritial (for M), if VMi = ι(Π)Mi. Further M is alled OB-
superspeial, if both indies 0, 1 are OB-ritial. Finally, M is alled OB-ordinary, if only
one index is OB-ritial.
Denition 1.2 Let (M,F, V ) be a speial Dieudonné module with OB-ation, and let
N be its isorystal. An OB-lattie in N is a free W -submodule L of rank 4 in N , whih
is spanned by a basis of N and whih is stable under F and V and under ι, and for whih
the k-vetor spaes L0/V L1 and L1/V L0 have dimension 1. (Here, as usual, L = L0⊕L1
is the Z/2- grading obtained from the ation of Zp2 .)
Let us x M and hene also x N for this setion. Then an OB-lattie L is a speial
Dieudonné module (with OB-operation) together with an isomorphism of isorystals
L⊗W WQ → N,
i.e. an isomorphism of vetor spaes whih ommutes with the endomorphisms F, V and
the operation of OB .
Lemma 1.3 Let L be an OB-lattie, and let i ∈ Z/2. Then
(i) the inlusions pLi ⊂ V Li+1 ⊂ Li are both of index 1.
(ii) the inlusions pLi ⊂ ι(Π)Li+1 ⊂ Li are both of index 1.
Proof. The rst statement is essentially the assumption that L is speial, for the seond
see [BC℄, hapitre II, Proposition 5.1. 
Lemma 1.4 (i) Any OB-lattie L has an OB-ritial index.
(ii) There exists an OB-superspeial OB-lattie.
Proof. i) See [KR1℄, p. 165.
ii) Let L be an OB-lattie, and let i ∈ Z/2 be OB-ritial. By the theorem of
Dieudonné ([Z℄, Satz 6.26) we an hoose a basis e1, e2 of Li satisfying Π
−1V ei = ei.
Then the OB-lattie spanned by e1, e2, e3 = V e1 and e4 = p
−1V e2 is superspeial. 
Denition 1.5 A basis e1, e2, e3, e4 of N is alled a standard basis, if e1, e2 ∈ N0, and
if the relations V ei = Πei for i = 1, 2 and e3 = V e1 and e4 = p
−1V e2 hold.
It follows from the proof of Lemma 1.4 (ii) that there is a standard basis of N .
Lemma 1.6 Any superspeial OB-lattie is the W -span of some standard basis of N .
Proof. Let L be a superspeial OB-lattie. Then Li = L
Π−1V
i ⊗Zp W for i = 0, 1 (see the
proof of Lemma 1.4 (ii)). It follows from Lemma 1.3 that the inlusion V LΠ
−1V
0 ⊂ L
Π−1V
1
has index 1. By the elementary divisor theorem we an hoose a basis e3, e4 of L
Π−1V
1
suh that e3, pe4 is a basis of V L
Π−1V
0 . Setting e1 = V
−1e3 and e2 = V
−1pe4 we get the
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desired basis e1, e2, e3, e4. 
Denote by End(N,V ) the spae of endomorphisms of N whih ommute with V .
Following [KR1℄ we all an element j ∈ End(N,V ) speial if it ommutes with the OB-
ation and its trae is 0. We denote the spae of speial endomorphisms by V . Note
that, by restriting an element y ∈ V to the xed (Qp-)module NV
−1Π
0 , we an identify
V with M2(Qp)0, the spae of traeless matries in M2(Qp), f. [KR1℄, (2.2).
Let ∗ be a xed Qp-linear automorphism of order 2 of B. By the theorem of Skolem-
Noether there is some b∗ ∈ B suh that ∗ = Int(b∗), i.e. x
∗ = b∗xb
−1
∗ . The element b∗ is
unique up to multipliation by some element of Q×p .
Denition 1.7 An element j ∈ End(N,V ) is ∗-speial if the following onditions are
satised.
1.) jι(a)j−1 = ι(a∗) ∀a ∈ B,
2.) sj := ι(b
−1
∗ )j has trae 0.
Note that this denition is equivalent to the ondition that sj is speial sine the
rst ondition is equivalent to the ondition that sj ommutes with the OB-ation. Note
also that the seond ondition is independent of the hoie of b∗ sine b∗ is unique up to
multipliation by an element of Q×p . We denote the spae of ∗-speial endomorphisms by
V [∗].
Sine ∗ has order 2, it follows that b2∗ ∈ Qp. We will always hoose b∗ in suh a way
that b2∗ has valuation 0 or 1. Preisely one of these possibilities an be realized. In the
rst ase we all ∗ unramied (sine Qp(b∗) is an unramied quadrati extension of Qp
in this ase), in the seond ase we all ∗ ramied (sine Qp(b∗) is a ramied quadrati
extension of Qp in this ase). Hene b∗ is a unit in OB if ∗ is unramied, and b∗ = Π · ε∗,
where ε∗ is a unit in OB , if ∗ is ramied. In the latter ase we write b
2
∗ = η∗p for some
η∗ ∈ Z×p .
2 Antispeial yles
Before we ome to the denition of antispeial yles we reall some denitions and
statements of [KR1℄, 1.
A speial formal OB-module over a W -sheme S is a p-divisible formal group X over
S of dimension 2 and height 4, with an OB-ation ι : OB → EndS(X) suh that the
indued Zp2 ⊗OS-module LieX is, loally on S, free of rank 1. We x a speial formal
OB-module X over Speck. Let us onsider the following funtorM on the ategory Nilp
of W -shemes S suh that p is loally nilpotent in OS . It assoiates to a sheme S ∈ Nilp
the set of isomorphism lasses of pairs (X, ̺) onsisting of a speial formal OB-module
X over S and an OB-linear quasi-isogeny of height zero,
̺ : X×Spec k S → X ×S S,
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where S = S ×SpecW Spec k. The funtor M is representable by the Deligne-Drinfeld
formal sheme Ω̂×Spf Zp Spf W . Denote by B = B(PGL2(Qp)) the Bruhat-Tits building
of PGL2(Qp). The formal sheme Ω̂ is obtained by glueing formal open subshemes Ω̂∆,
where ∆ runs over the simplies of B. We will only need to know Ω̂∆ for ∆ = standard
vertex and ∆ = standard edge. So let ∆ = [Λ0] be the homothety lass of the standard
lattie
Λ0 = [e1, e2],
where [e1, e2] here denotes the Zp-span of the standard basis in Q2p. Then
Ω̂Λ0 = Spf Zp[T, (T
p − T )−1]∧. (2.1)
Here,
∧
denotes the p-adi ompletion. If ∆ = ∆0 = ([Λ0], [Λ1]) is the standard edge
orresponding to Λ0 = [e1, e2] and Λ1 = [pe1, e2], then
Ω̂∆0 = Spf Zp[T0, T1, (1 − T
p−1
0 )
−1, (1− T p−11 )
−1]∧/(T0T1 − p). (2.2)
Any k-valued point of M orresponds to a speial Dieudonné module with an OB-
ation (as dened in setion 1). We may hoose X in its isogeny lass so that its
Dieudonné module L is OB-superspeial. By Lemma 1.6 we therefore nd a standard ba-
sis e1, e2, e3 = Πe1, e4 = p
−1Πe2 of L. We suppose that the isorystal N onsidered in the
preeding setion equals the isorystal of L. Then any k-valued point of M orresponds
to a OB-lattie (in N) dened as above. The superspeial points (i.e. those k-valued
points ofM whose OB-lattie is OB-superspeial) are in one-to-one orrespondene with
the edges in B. This orrespondene an be hosen in suh a way that L orresponds to
the standard edge ∆0 dened above. In the formal sheme Ω̂ ×Spf Zp Spf W the point
pt∆0 orresponding to ∆0 lies in Ω̂∆0 ×Spf Zp Spf W and is given there by the equations
T0 = T1 = 0. Any ordinary k-valued point of M (i.e. whose OB-lattie is OB-ordinary)
orresponds in Ω̂×Spf Zp Spf W to a k-valued point of some Ω̂Λ ×Spf Zp Spf W for some
vertex [Λ] ∈ B.
Sine the isorystal of X equals N we an make the following
Denition 2.1 Let j ∈ End(N ;V ). Then the yle Z(j) assoiated to j is the losed
formal subsheme of M onsisting of all points (X, ̺) suh that ̺ ◦ j ◦ ̺−1 lifts to an
endomorphism of X. If j is a speial endomorphism, then Z(j) is alled a speial yle
f. [KR1℄, Denition 2.1. Let ∗ be a Qp-linear automorphism of order 2 of B. A ∗-speial
yle is a yle of the form Z(j) for some j whih is ∗-speial. An antispeial yle is a
yle of the form Z(ι(Π)y) for some speial endomorphism y.
The fat that Z(j) is a losed formal subsheme ofM follows from [RZ℄, Proposition
2.9, see also [KR1℄, p. 167.
Remark 2.2 Let ε ∈ O×B , and let j, j˜ ∈ End(N ;V ) be suh that j = ι(ε)j˜. Then sine
ι(ε) is invertible, it follows that Z(j˜) = Z(j).
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Suppose we are given a Qp-linear automorphism ∗ of order 2 of B. If ∗ is unramied
and j is ∗-speial, then it follows from Remark 2.2 that Z(j) = Z(sj), hene Z(j) is a
speial yle. (Reall that sj = ι(b
−1
∗ )j and b∗ is a unit in OB .) Conversely, it follows
again from Remark 2.2 that every speial yle is ∗-speial for arbitrary unramied ∗.
Sine equations for speial yles are known from [KR1℄, in the sequel we will exlude the
ase that ∗ is unramied. Therefore, in the sequel we assume that ∗ is ramied. Reall
that b∗ = Π · ε∗ where ε∗ ∈ O
×
B in this ase. It follows again from Remark 2.2 that for
arbitrary ramied ∗ a yle is ∗-speial if and only if it is of the form Z(ι(Π)y) for some
speial endomorphism y, i.e. it is an antispeial yle. In partiular it follows that the
notion of ∗-speial yles does not depend on the partiular hoie of the (ramied) ∗.
We now x a ramied ∗ for this setion.
Let j ∈ V [∗]. By Remark 2.2 we have Z(j) = Z(ι(Π)sj). A k-valued point of M
belongs to Z(j) if and only if the OB-lattie orresponding to that point is mapped by
j (or, equivalently, by ι(Π)sj) into itself. If L is an OB-lattie, this means ι(Π)sjL ⊂ L
and implies ps2jL ⊂ L. From this we see νp(det(sj)) ≥ −1, where νp is the valuation
assoiated to p. So, in investigating Z(j) we may assume νp(det(sj)) ≥ −1, otherwise
Z(j) = ∅.
Now, given a ∗-speial endomorphism j and an OB-lattie L = L0 ⊕ L1, we want to
investigate under whih onditions the inlusion jL ⊂ L holds. Sine ΠN0 = N1 and
ΠN1 = N0, we see that jL ⊂ L holds if and only if jL0 ⊂ L1 and jL1 ⊂ L0.
If 0 is OB-ritial we set A0 = L0 and A1 = V L1 ⊂ A0. These are latties in
N0. The ondition jL ⊂ L then translates into the onditions V ι(Π)sjL0 ⊂ V L1 and
ι(Π)sjV L1 ⊂ V L0, hene
jL ⊂ L ⇐⇒ psjA0 ⊂ A1 and sjA1 ⊂ A0. (2.3)
If 1 is OB-ritial we set A0 = V L0 und A1 = L1. We then get an analogous ondition
to (2.3) where the roles of 0 and 1 are interhanged.
Now we assume, for example, that 0 is OB-ritial. By the elementary divisor theo-
rem, there is a W -basis f1, f2 of A0 for whih pf1, f2 is a basis of A1.
If psjA0 ⊂ A1, we an write
psjf1 = paf1 + cf2 where a, c ∈W, (2.4)
and if sjA1 ⊂ A0, we an write
sjf2 = bf1 + df2 where b, d ∈W. (2.5)
Conversely, if (2.4) and (2.5) are satised, so is the ondition of (2.3). So, given L
(where 0 is OB-ritial) and hene given A0 and A1, we have jL ⊂ L if and only if there
is a W -basis f1, f2 of A0 suh that (2.4) and (2.5) hold. The ase where 1 is OB-ritial
is treated in the same way. (One just has to replae A0 by A1 and onversely in the
above reasoning.)
Thus we have shown the following
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Lemma 2.3 Using the notations just introdued and assuming that i ∈ Z/2 is OB-ritial
for L we have jL ⊂ L if and only if there is a W -basis f0, f1 of Ai for whih the matrix
expressing sj in f0, f1 has the form
sj =
(
a b
p−1c d
)
where a, b, c, d ∈W. (2.6)

Proposition 2.4 Let j be an ∗-speial endomorphism, where νp(det(sj)) ≥ −1. Then,
regarding psj as a speial endomorphism, we have an equality of k-valued points
Z(j)(k) = Z(psj)(k).
Proof. It is lear that Z(j) = Z(Πsj) ⊂ Z(psj), hene Z(j)(k) ⊂ Z(psj)(k).
Conversely, given a k-valued point (X, ̺) of Z(psj), let L = L0⊕L1 be its Dieudonné
module whih we an regard as an OB-lattie in N . Assume (for example) that 0 is
OB-ritial. Sine psjL ⊂ L, we have inlusions
psjL0 ⊂ L0 and psjV L1 ⊂ V L1. (2.7)
Sine the inlusion V L1 ⊂ L0 has index 1, there is a W -basis f1, f2 of L0 for whih
pf1, f2 is a W -basis of V L1. Beause of (2.7) we see that in the basis f1, f2 the endo-
morphism psj has matrix
psj =
(
a˜ pb
c −a˜
)
where a˜, b, c ∈W,
and hene det(sj) = −p
−2a˜2 − p−1bc. But νp(det(sj)) ≥ −1, so we onlude that a˜
is divisible by p. Therefore the matrix of sj an be written in the form
sj =
(
a b
p−1c −a
)
where a, b, c ∈W.
From Lemma 2.3 we therefore see that (X, ̺) also belongs to Z(j). 
Given an ∗-speial endomorphism j, we want to determine loal equations for Z(j).
This will be done with the help of the Grothendiek-Messing theory. We summarize
below the fats from this theory whih we will need.
Let A be a loal Artin ring with residue eld k (whih is algebraially losed), and
assume that A is aW -algebra. Then p ∈ A is nilpotent. Assume that the maximal ideal I
of A (whih is nilpotent) arries a nilpotent pd-struture (in the sense of [M℄, hapter III,
Denition 1.1). Let X0 be a p-divisible group over k of height 4 and dimension 2. Denote
by L the Dieudonné module of X0, and dene P (X0)k = L⊗W k and P (X0)A = L⊗W A.
Let Fk = V L/pL ⊂ P (X0)k. This gives us the Hodge ltration
0→ Fk → P (X0)k → L/V L→ 0. (2.8)
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To a lifting X over A of X0 orresponds a lifting of the Hodge ltration (of A-modules),
0→ F → P (X0)A → Lie(X)→ 0, (2.9)
where F is a diret summand of P (X0)A of rank 2, and where (2.9) lifts (2.8).
This establishes an equivalene of ategories between the ategory of liftings of X0
over k to some X over A and the ategory of liftings of the Hodge ltration (2.8) to
ltrations of the form (2.9).
An endomorphism φ : X0 → X0 gives rise to an endomorphism Φ : L → L. Then
φ lifts to an endomorphism of X if and only if the endomorphism indued by Φ on
P (X0)A maps the submodule F into itself. (In this situation we will denote the indued
endomorphism by Φ as well.) Now assume that X0 is equipped with an OB-ation
ι : OB → Endk(X0). Then we get an OB-ation ι : OB → End(L). We apply the
equivalene of ategories just mentioned to get the following
Proposition 2.5 Using the same notations as above, the following ategories are equiv-
alent
(i) The ategory of liftings of X0 to A, also lifting the OB-ation
(ii) The ategory of liftings of the Hodge ltration (2.8) to P (X0)A whih are stable
under the indued OB-ation.

Lemma 2.6 The rings A = W/pn for n ∈ N and if p > 3 also the rings A = W [x]/(x2−
pε, xr), where ε ∈ W× and r ≥ 2 satisfy the requirements of the Grothendiek-Messing
theory mentioned above, i.e., they are loal Artin rings and W -algebras with residue eld
k, and their maximal ideals arry a nilpotent pd-struture.
Proof. i) A = W/pn is obviously a loal Artin ring and a W -algebra in the natural way.
That I = (p) arries a nilpotent pd-struture an be seen as follows: If we denote by νp
the valuation assoiated to p we have for any positive integer i,
νp(i!) =
∑∞
k=1
[
i
pk
] <
∑∞
k=1
i
3k
=
i
2
< i = νp(p
i).
(Here, [ ℄, denotes Gauss-brakets. The rst inequality uses p ≥ 3.) This shows that
for any z ∈ I we have a well-dened expression z
k
k! and that there is some N suh that,
whenever n1 + ... + nl ≥ N we have
zn1
n1!
· ... · z
nl
nl!
= 0 for all z ∈ I. Hene we see that I
arries a nilpotent pd-struture.
ii) A = W [x]/(x2−pε, xr) learly is a loal Artin ring and aW -algebra in the anonial
way. Let νx denote the valuation assoiated to x. To see that I = (x) arries a nilpotent
pd-struture we onsider νx(i!) for any positive integer i. Now, νx(i!) = 2 · νp(i!), and
sine p ≥ 5,
νx(i!) = 2 · νp(i!) = 2 ·
∑∞
k=1
[
i
pk
] < 2 ·
∑∞
k=1
i
5k
=
i
2
.
Hene we see as above that there is a nilpotent pd-struture on I. 
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Proposition 2.7 Let n ∈ N, and let j be a ∗-speial endomorphism with νp(det(sj)) ≥
−1. Then Z(j) and Z(psj) have the same W/p
n
-valued points,
Z(j)(W/pn) = Z(psj)(W/p
n).
Proof. The ase n = 1 is treated in Proposition 2.4, so we may assume that n ≥ 2. Sine
Z(j) = Z(Πsj) ⊂ Z(psj), it is enough to show that Z(psj)(W/p
n) ⊂ Z(Πsj)(W/p
n).
We x a k-valued point (Xk, ̺k) of Z(psj) and onsider liftings to W/p
n
with the
Grothendiek-Messing theory. Let L be the Dieudonné module of (Xk, ̺k). Let P =
L/pnL. Then the Hodge ltration of (Xk, ̺k) is given by V L/pL ⊂ L/pL. By Propo-
sition 2.5 and Lemma 2.6 to a lifting (X, ̺) of (Xk, ̺k) over W/p
n
(within Z(psj))
orresponds a lifting of the Hodge ltration F ⊂ P stable under the OB-ation and
under psj .
From the ation of Zp2 we obtain Z/2-gradings,
F = F0 ⊕F1
and
P = P0 ⊕ P1.
Let F0 =< f0 > and F1 =< f1 > for suitable elements fi ∈ Pi.
Claim: For some units ε0, ε1 we have either
Πf0 = ε1pf1 and Πf1 = ε0f0, (2.10)
or
Πf0 = ε1f1 and Πf1 = ε0pf0. (2.11)
To see this, hoose preimages f0 ∈ L0 of f0 and f1 ∈ L1 of f1. Sine ΠLi ⊂ Li+1, we
have
Πf0 = ε1p
ν1f1 + p
nξ1 and Πf1 = ε0p
ν0f0 + p
nξ0,
for some integers ν0, ν1, some units ε0, ε1 and some ξ0, ξ1 ∈ L. Therefore, for some Ξ ∈ L,
we have
pf0 = ε0ε1p
ν0+ν1f0 + p
nΞ
and hene (using n ≥ 2) we get ν0 + ν1 = 1, i.e. either ν0 = 0 and ν1 = 1 or ν0 = 1 and
ν1 = 0. This onrms the laim.
Beause of the symmetry of (2.10) and (2.11), we may, for example, assume that
(2.10) holds. By replaing f0 by Πf1 and thereby hanging f0 only by a unit and not
hanging F we an assume that
Πf0 = pf1 and Πf1 = f0.
We hoose l0 ∈ P0 with preimage l0 ∈ L0 and l1 ∈ P1 with preimage l1 ∈ L1 suh that
P =< l0, f0, l1, f1 >. By Nakayama's lemma we also have L =< l0, f0, l1, f1 >. Let
Πl0 = al1 + bf1 and Πl1 = cl0 + df0 where a, b, c, d ∈W,
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then
pl0 = a(cl0 + df0) + bf0,
hene ac = p and ad+ b = 0.
Claim: a is a unit.
To see this, assume that a is divisible by p. Then b is also divisible by p. Therefore,
ΠL0 = < Πf0,Πl0 > = < pf1, p(
a
p
l1 +
b
p
f1) > .
But this ontradits the fat that L1/ΠL0 is a k-vetor spae of dimension 1. Therefore
a is a unit whih proves the laim.
By Proposition 2.4 we have ΠsjL ⊂ L. Writing
sjf0 = rl0 + sf0
we may assume νp(r), νp(s) ≥ −1, where νp is the valuation assoiated to p. (This follows
from ΠsjL ⊂ L and hene psjL ⊂ L.) We now want to show that ΠsjF ⊂ F . If l ∈ L,
denote by l its image in P . First,
Πsjf0 = Πsjf0 = sjΠf0 = sjpf1 = psjf1 ∈ F ,
sine psjF ⊂ F . Therefore,
F ∋ Πsjf0 = Πsjf0 = Π(rl0 + sf0) = r(al1 + bf1) + psf1.
Now, r(al1 + bf1) + psf1 ∈ L, and a is a unit, hene νp(r) ≥ 0 and further, sine
r(al1 + bf1) + psf1 ∈ F , and a is a unit, we even have r ≡ 0 mod p
n
. Now, L ∋ Πsjf1 =
sjf0, so νp(s) ≥ 0. Sine r ≡ 0 mod p
n
, we get
Πsjf1 = sjΠf1 = sjf0 = sf0 ∈ F .
This ompletes the proof. 
In the following statement we denote by an upper index "ord" the intersetion with the
ordinary lous ofM resp. Ω̂, i.e. the open formal subsheme formed by the omplement
of the superspeial points.
Proposition 2.8 Let j be a ∗-speial endomorphism with j2 6= 0, where νp(det(sj)) ≥
−1. Then
Z(j)ord = Z(psj)
ord.
Proof. It is lear that Z(j)ord ⊂ Z(psj)
ord
. Let [Λ] be a lattie in Q2p. In order to
show Z(j) ∩ (Ω̂[Λ] ×Spf Zp Spf W ) = Z(psj) ∩ (Ω̂[Λ] ×Spf Zp Spf W ) we may assume that
[Λ] = [Λ0] is the standard lattie, f. [KR1℄, Proposition 3.2. We write in the basis e1, e2
of N0
psj =
(
a b
c −a
)
= pm ·
(
a b
c −a
)
,
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where a, b, c ∈ Zp are not simultaneously divisible by p. The equation for Z(psj) ∩
(Ω̂[Λ] ×Spf Zp Spf W ) an be written as
pm · (bT 2 − 2aT − c) = 0,
see [KR1℄, Proposition 3.2. Let Z(j)∩(Ω̂[Λ]×Spf Zp Spf W ) be desribed by the Ideal I of
W [T, (T p−T )−1]∧ as a losed subsheme of Ω̂[Λ]×Spf Zp Spf W = Spf W [T, (T
p−T )−1]∧
(omp. (2.1)).
Claim: Every element of I is divisible by (bT 2 − 2aT − c).
If
Spf W [T, (T p − T )−1]∧/(bT 2 − 2aT − c)
is not empty, then (by [KR1℄, Proposition 3.2) it meets the speial bre of Z(psj) in two
dierent ordinary points. From the form of the matrix in (2.6) (for some basis of Λ), we
see that the rank of the matrix obtained from psj by redution mod p is at most 1. On the
other hand, in [KR1℄, Proposition 2.3 it is shown that if Z(psj)(k)∩(Ω̂[Λ]×Spf ZpSpf W ) 6=
∅, then this rank equals 0 or 2. Hene we onlude that psj is divisible by p. Hene
sj(Λ) ⊂ Λ. Therefore,
Spf W [T, (T p − T )−1]∧/(bT 2 − 2aT − c) ⊂ Z(sj) ⊂ Z(j),
as asserted.
Claim: Every element of I is divisible by pm · (bT 2 − 2aT − c).
Suppose there is an element Q ∈ I whih is not divisible by pm · (bT 2− 2aT − c). By
multiplying with a suitable power of p we may suppose that Q is divisible by pm−1(bT 2−
2aT − c) and write
Q = q · pm−1 · (bT 2 − 2aT − c),
where we may suppose that q is a polynomial in T in whih no oeient is divisible by
p. (This assumption is allowed, sine
(pm · (bT 2 − 2aT − c)) ⊂ I,
whih follows from the inlusion Z(j) ⊂ Z(psj).)
Let q˜ be the image of
q · (bT 2 − 2aT − c) · (T p − T )
in k[T ]. By Gauss' lemma q˜ 6= 0, and we an nd τ ∈ k× with q˜(τ) 6= 0. Choose a
preimage t ∈W/pm of τ . Then q(t) · (bt2 − 2at− c) · (tp − t) is a unit in W/pm.
Now we are ready to apply Proposition 2.7, whih says that any W/pm-valued point
φ : W [T, (T p − T )−1]∧/(pm · (bT 2 − 2aT − c)) −→W/pm
fators through W [T, (T p − T )−1]∧/I.
Dene φ by φ(T ) = t and to be W -linear. Then φ(Q) = Q(t) 6= 0. But then φ does
not fator through W [T, (T p − T )−1]∧/I. This ontradition proves the laim.
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Altogether we get
(pm · (bT 2 − 2aT − c)) ⊂ I ⊂ (pm · (bT 2 − 2aT − c)),
and therefore Z(j)ord = Z(psj)
ord
. 
The next proposition gives loal equations of Z(j) for a ∗-speial endomorphism j
in a neighborhood of a superspeial point. Any superspeial point x orresponds to a
simplex ∆ = ([Λ], [Λ˜]). We may suppose that ∆ = ∆0 = ([Λ0], [Λ1]) is the standard
simplex (see [KR1℄, Proposition 3.3.) We then have x ∈ Z(psj) and, with respet to the
basis e1, e1 of N0, we write again
psj =
(
a b
c −a
)
= pm ·
(
a b
c −a
)
.
Let g be a speial endomorphism with g2 6= 0 and νp(det(g)) ≥ 0. In [KR1℄, Propo-
sition 3.3 loal equations for the speial yle Z(g) are given, where the following three
ases are distinguished:
(i) [Λ0] is stritly loser than [Λ1] to the xed point set B
g
in the Bruhat-Tits-building
B.
(ii) The xed point set Bg is the midpoint of ∆, i.e. [Λ0] and [Λ1] both have distane
1/2 to Bg.
(iii) ∆ lies in the xed apartement Bg, i.e. [Λ0] and [Λ1] both have distane 0 to B
g
.
In the following proposition we follow these ases for the speial endomorphism psj to
give loal equations for Z(j) (in ase j2 6= 0 with νp(det(sj)) ≥ −1) in a neighborhood
of the superspeial point x = pt∆. Using these notations and the desription for Ω̂∆0 in
(2.2) we state
Proposition 2.9 Let p > 3. Let x = pt∆0 be the superspeial point as above.
(i) Suppose [Λ0] is stritly loser than [Λ1] to the xed point set B
sj
. We then have
m ≥ 1, and Z(j) is loally around x given by the equation
T0 · p
m−1 = 0.
(ii) Suppose Bsj is the midpoint of ∆0. Then b is divisible by p, and Z(j) is loally
around x given by the equation
pm · (b0T0 − 2a− cT1) = 0,
where b = p · b0.
(iii) Suppose ∆0 lies in the xed apartement B
sj
. Then m ≥ 1, and Z(j) is loally
around x given by the equation
pm = 0.
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Proof of i). We have m ≥ 1, and there is an (ane) neighborhood of x in whih Z(psj)
is given by the equations,
T 20 p
m−1 = pm = 0,
see [KR1℄, Proposition 3.3. (All referenes to [KR1℄ in this proof refer to Proposition
3.3.) Let this neighborhood be given by
Spf W [T0, T1, γ
−1]∧/(T0T1 − p),
for some
γ ∈W [T0, T1]
∧ \ (T0, T1, T0T1 − p)
whih is divisible by (1− T p−10 )(1 − T
p−1
1 ). Then Z(j) is in this neighborhood given by
an ideal I of the ring
R := W [T0, T1, γ
−1]∧/(T0T1 − p, T
2
0 p
m−1, pm)
as a losed subsheme of Z(psj).
Suppose there is an element Q of I whih is not divisible by pm−1. By multiplying
with a suitable power of p we may suppose then that Q is divisible by pm−2 and write
Q = pm−2 · (
∑l0
i=0
aiT
i
0 +
∑l1
j=1
bjT
j
1 ) + p
m−1 · η,
where the ai and bj are either units in W or zero, and where η ∈ R. Let q = Q/p
m−2
.
Claim: ai = 0 ∀i.
To see this, suppose there is an ai 6= 0. Let q˜ be the image of q · γ in k[T0, T1]. Sine
γ /∈ (T0, T1, T0T1−p) = (T0, T1, p), we nd τ ∈ k
×
suh that q˜(τ, 0) 6= 0. Let t be a lifting
of τ in W/pm−1. We are going to apply Proposition 2.7 again whih here says that any
W/pm−1-valued point
φ : R −→W/pm−1
fators through R/I. Now dene φ by φ(T0) = t, φ(T1) = p · t
−1
and to be W -linear.
Then φ is well dened (φ(γ) is a unit) but φ(Q) = Q(t, p · t−1) 6= 0, sine the image of
Q(t, p · t−1)/pm−2 in k equals q˜(τ, 0). Therefore φ does not fator through R/I. This
ontradition onrms the laim.
In the same way one sees that bj = 0 ∀j. This shows that any element of I is divisible
by pm−1. Now we show that any element of I is divisible by T0 · p
m−1
. Any Q ∈ I an
be written as
Q = a · pm−1T0 + p
m−1 ·
∑l
j=0
bjT
j
1 ,
where a and all bj are either units in W or zero. Let q = Q/p
m−1
.
Claim: bj = 0 ∀j.
Assuming there is a bj 6= 0, we nd again τ ∈ k
×
suh that (q ·γ)(0, τ) does not vanish
in k. We lift τ to t ∈ W/pm and dene a W -linear W/pm-valued point φ : R → W/pm
by φ(T0) = p · t
−1
and φ(T1) = t. We see as above that it does not fator through R/I.
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This ontradition shows that all bj vanish. Hene either I = (p
m−1 · T0) or I = 0. To
onrm the laim of (i) it is thus enough to show that I 6= 0.
In order to show that I 6= 0, we show the existene of an W [z]/(z2 − p, pm)-valued
point of Z(psj) whose underlying k-valued point is x, and whih does not belong to Z(j).
By the Grothendiek-Messing theory, this an be done by onstruting a lifting of the
Hodge ltration of x over W [z]/(z2 − p, pm) whih is stable under psj , but no stable
under j.
Let L be the Dieudonné module of x. Then a basis of L is given by e1, e2, e3 =
Πe1, e4 = p
−1Πe2, sine x orresponds to the standard simplex ∆0, i.e L = L. Let
Lz = L⊗W W [z]/(z
2 − p),
and let
P = L⊗W W [z]/(z
2 − p, pm) = Lz/p
mLz.
Dene
f0 = e2 + z(e1 + e2) ∈ Lz,
f1 = e3 + pe4 + ze4 ∈ Lz.
Denote by f0 resp. f1 the image of f0 resp. f1 in P , and dene a ltration F →֒ P by
F = < f0, f1 >. To see that it lifts the Hodge ltration of x we note that the image of
F in L⊗W k equals the span of the images of e2, e3, and this is the image of ΠL = V L.
Further we have Πf0 = zf1 and Πf1 = zf0 whih shows that F is OB-stable.
The map psj indues on P the zero map, in partiular F is stable under it. Now let
us show that F is not stable under Πsj . For l ∈ Lz let us denote its image in P by l. A
short alulation shows
Πsjf0 = (pm−1b+ zpm−1a+ zpm−1b)e3.
Let us suppose this is ontained in F . Then we an nd r ∈ W [z]/(z2 − p) with rf1 =
Πsjf0, hene re3 = Πsjf0 and r(p+ z)e4 = 0 and hene,
r ≡ pm−1b+ zpm−1a+ zpm−1b mod pm,
(p+ z)r ≡ 0 mod pm.
But if we multiply the rst ongruene by p+ z , we see that the seond is not fullled,
sine b is not divisible by p, see [KR1℄. Hene indeed ΠsjF * F .
Proof of ii). We onsider the (ane) neighborhood of x given by (2.2)
Spf W [T0, T1, γ
−1]∧/(T0T1 − p),
where
γ = (1− T p−10 )(1− T
p−1
1 ).
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By [KR1℄ in this neighborhood Z(psj) is desribed by the equations
pmT0(b0T0 − 2a− cT1) = p
mT1(b0T0 − 2a− cT1) = 0.
Then Z(j) is given by an ideal I of the ring
R := W [T0, T1, γ
−1]∧/(T0T1 − p, p
mT0(b0T0 − 2a− cT1), p
mT1(b0T0 − 2a− cT1))
as a losed subsheme of Z(psj) in that neighborhood.
Claim: Any element of I is divisible by b0T0 − 2a− cT1.
(In ase m ≥ 1 this is lear, sine then Z(sj) ⊂ Z(j) and the ideal of Z(sj) is
ontained in (b0T0 − 2a− cT1).) Let
S = W [T0, T1, γ
−1]∧/(T0T1 − p, b0T0 − 2a− cT1).
Denoting the image of I in S by I, we must show that I = 0. From the relations
T0T1−p = 0 and b0T0−2a− cT1 = 0 and the fat that b0 and c are units (see [KR1℄), we
get T1 = c
−1(b0T0 − 2a) and T
2
0 = 2ab
−1
0 T0 + pcb
−1
0 , showing that any element in S and
so in partiular any Q ∈ I an be written in the form Q = rT0+ s, where r, s ∈W . Now
let ε = ( apb0 )
2p+ cb0 (note that a is divisible by p, see [KR1℄) and dene for any n ∈ N a
W -linear homomorphism
φn : S −→W [z]/(z
2 − pε, pn), T0 7→
a
b0
+ z, T1 7→
p
a
b0
+ z
.
One easily heks that φn is well dened. Let π : R −→ S be the anonial projetion.
Consider for any n the W [z]/(z2 − pε, pn)-valued point of Z(psj),
αn = φn ◦ π : R −→W [z]/(z
2 − pε, pn).
These maps are ompatible with varying n. We want to show that αn is also aW [z]/(z
2−
pε, pn)-valued point of Z(Πsj). Let L = L be the Dieudonné module of x, let Lz =
L⊗W W [z]/(z
2− pε), and let Fn →֒ Lz/(p
nLz) be the Hodge ltration assoiated to αn.
Then Fn = Fn+1/(p
nLz), sine the p-divisible group orresponding to αn+1 lifts the one
orresponding to αn. Let Fn+1 =< f0, f1 >, where fi is ontained in the index i-part
of Fn+1. Further, for i ∈ Z/2, let fi be a lifting of fi in Lz. Sine psjFn+1 ⊂ Fn+1, we
have psjfi = λifi + p
n+1ξ for some λi ∈ W [z]/(z
2 − pε) and some ξ ∈ Lz. Therefore
pΠsjfi = λ˜fi+1 + p
n+1ξ˜ for some λ˜i ∈ W [z]/(z
2 − pε) and some ξ˜ ∈ Lz. Beause
of Proposition 2.4 we have ΠsjLz ⊂ Lz, hene pΠsjfi ∈ pLz. Sine fi belongs to a
basis of Lz (Nakayama's lemma), we onlude that λ˜ is divisible by p, hene for some
µ ∈ W [z]/(z2 − pε) we have Πsjfi = µfi+1 + p
nξ˜. Therefore ΠsjFn ⊂ Fn, whih shows
that αn is a W [z]/(z
2 − pε, pn)-valued point of Z(Πsj).
It follows that φn must fator through S/I. Assume now that I 6= 0. Then we nd
0 6= rT0 + s ∈ I and a suiently large n suh that r(
a
b0
+ z) + s does not vanish in
W [z]/(z2 − pε, pn). Therefore for suh n the homomorphism φn will not fator through
S/I . This ontradition shows I = 0, hene any element of I is divisible by b0T0−2a−cT1.
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Claim: Any element of I is divisible by pm(b0T0 − 2a− cT1).
The proof is the same as the proof for the rst step in part i) and will therefore be
omitted. It follows that either I = (pm(b0T0 − 2a− cT1)) or I = 0.
Claim: I 6= 0.
Proeeding as in part i) this will be done by onstruting a lifting of the Hodge
ltration of x over W [z]/(z2 − p, pm+1) whih is stable under psj, but not stable under
j. Again let L = L be the Dieudonné module of x. Then a basis of L is given by
e1, e2, e3 = Πe1, e4 = p
−1Πe2. Let
Lz = L⊗W W [z]/(z
2 − p),
and let
P = L⊗W W [z]/(z
2 − p, pm+1) = Lz/p
m+1Lz.
Sine c and b0 are units (see [KR1℄), we an hoose t ∈W
×
suh that t2 is not ongruent
to
c
b0
modulo p. Dene
f0 = te2 + z(e1 + e2) ∈ Lz,
f1 = e3 + pe4 + zte4 ∈ Lz.
Denote again by f0 resp. f1 the image of f0 resp. f1 in P and dene a Hodge ltration
F →֒ P by F = < f0, f1 >. As above we see that it lifts the Hodge ltration of x, in
partiular that Πf0 = zf1 and Πf1 = zf0 holds. Using p | a and p | b = pb0 we alulate
in Lz:
psjf0 ≡ p
mzct−1f0 mod p
m+1
and psjf1 ≡ p
mzb0tf1 mod p
m+1,
showing that psjF ⊂ F . Writing a = pa0 we also alulate
Πsjf1 ≡ p
mztb0 · e1 + (−p
mzta0 + p
mc) · e2 mod p
m+1.
We laim now that ΠsjF * F . Otherwise we would have in partiular Πsjf1 ∈ F . We
then nd r ∈W [z]/(z2 − p) with Πsjf1 ≡ rf0mod p
m+1
, hene,
r(t+ z) ≡ −pmzta0 + p
mc mod pm+1,
rz ≡ pmztb0 mod p
m+1.
Subtrating the seond ongruene from the rst and multiplying the result by z we get
rtz ≡ pmzc mod pm+1,
and on the other hand multiplying the seond ongruene by t we get
rtz ≡ pmzt2b0 mod p
m+1.
We onlude that c−t2b0 ≡ 0 mod z and hene that c−t2b0 ≡ 0 mod p, whih ontradits
the assumption we made on t. Hene ΠsjF * F . This onrms the laim and ends the
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proof of ii).
Proof of iii). In this ase a is a unit and b is divisible by p, see [KR1℄. Sine
νp(det(psj)) ≥ 1, it follows that m ≥ 1. We start as in part i) by showing rst that in
some ane neighborhood the ideal I of Z(j) in Z(psj) ontains the ideal p
m
. The proof
is the same, so it will be omitted. Using the equations for Z(psj), whih are now given
in a neighborhood of x by T0p
m = T1p
m = 0 (see [KR1℄), it follows that I is either the
zero ideal or equals (pm). Thus we must show again that I 6= 0, whih will be done by
onstruting a lifting of the Hodge ltration of x over W [z]/(z2 − p, zpm+1) whih is
stable under psj , but not stable under j. Again let L = L be the Dieudonné module of
x, and onsider the basis e1, e2, e3 = Πe1, e4 = p
−1Πe2 of L. Let
Lz = L⊗W W [z]/(z
2 − p),
and let
P = L⊗W W [z]/(z
2 − p, zpm) = Lz/zp
mLz.
Dene
f0 = e2 + z(e1 + e2) ∈ Lz,
f1 = e3 + pe4 + ze4 ∈ Lz.
Denote by f0 resp. f1 the image of f0 resp. f1 in P , and dene a ltration F →֒ P by
F = < f0, f1 >. By the same reasons as in part i) it lifts the Hodge ltration of x, and
we have the relations Πf0 = zf1 and Πf1 = zf0. By [KR1℄, in this ase b is divisible by
p and a is a unit. We alulate
psjf0 ≡ −p
maf0 mod zp
m
and psjf1 ≡ p
maf1 mod zp
m,
showing that psjF ⊂ F . We also alulate,
Πsjf1 ≡ p
ma · e1 + (−p
m−1za+ pmc− pma) · e2 mod p
m.
Proeeding as above we assume ΠsjF ⊂ F and have in partiular Πsjf1 ∈ F . Hene we
nd r ∈W [z]/(z2 − p) with Πsjf1 ≡ rf0 mod zp
m
and hene
(1 + z)r ≡ −pm−1za+ pmc− pma mod zpm,
zr ≡ pma mod zpm.
Subtrating the seond ongruene from the rst and multiplying the result by z, we get
zr ≡ −pma mod zpm,
whih is a ontradition to the seond ongruene sine a is a unit and p 6= 2. Hene
ΠsjF * F . This ompletes the proof of the proposition. 
Let g ∈ End(N,V ). Following [KR1℄ 4, we denote by Z(g)pure the losed subsheme
of Z(g) dened by the ideal sheaf of loal setions with nite support.
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Corollary 2.10 If p > 3, and j is ∗-speial with j2 6= 0 and νp(det(sj)) ≥ −1, the
antispeial yle Z(j) is a divisor and equals Z(psj)
pure
.
Proof. It follows from the proof of Proposition 2.8 and from Proposition 2.9 that
Z(j)pure = Z(j) = Z(psj)
pure. (2.12)

3 Intersetion alulus of antispeial yles
We keep our xed ramied automorphism ∗ of order 2 of B. In this setion we alulate
the intersetion number of two antispeial yles.
On the spae Qp-vetor spae V [∗] we have a quadrati form
q(j) = (psj)
2 = −p2det(sj).
(sj is speial and hene s
2
j ∈ Qp, see [KR1℄, p. 167.) Reall that sj = ι(b
−1
∗ )j and
b2∗ = η∗p. We also onsider the quadrati form
Q(j) = j2 = p−1η∗q(j),
Suppose we are given two ∗-speial endomorphisms j1 and j2. We assume that j
2
i 6= 0
and νp(det((sj)i)) ≥ −1 for i = 1, 2 . Following the general denitions in [KR1℄, 4, we
dene the intersetion number of their assoiated yles by
(Z(j1), Z(j2)) = χ(OZ(j1) ⊗
L OZ(j2)),
where χ denotes the Euler-Poinaré harateristi and ⊗L denotes the derived tensor
produt.
By [KR1℄, Lemma 4.3,
(Z(j1), Z(j2)) = (Z(j1)
pure, Z(j2)
pure). (3.1)
We dene j to be the Zp-span of j1 and j2 in V [∗] and we assume that j has rank 2.
Let β be the bilinear form on j assoiated to the quadrati form q,
β(x, y) = q(x+ y)− q(x)− q(y).
If j is nondegenerate with respet to this bilinear form, it follows from [KR1℄, Theorem
5.1 that (Z(j1), Z(j2)) depends only on j (write ji = ι(b∗)(sj)i and use that (sj)i is
speial).
On the other hand, sine p 6= 2, we an hoose a Zp-basis j, j
′
of j, for whih the
matrix of β is diagonal,
T :=
(
q(j) 12β(j, j
′
)
1
2β(j, j
′
) q(j
′
)
)
= diag(η1p
β1 , η2p
β2) (3.2)
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where η1, η2 ∈ Z×p and β1 ≤ β2.
Dene εi ∈ Z×p and αi ∈ N by η∗ηip
βi−1 = εip
αi
. Then α1 ≤ α2. If j1, j2 is a basis
of j for whih T has the form diag(η1p
β1 , η2p
β2) then Q(ji) = j
2
i = εip
αi . The numbers
βi and hene the αi are invariants of j. In ase β1 < β2, the units ηi and εi are up to a
square uniquely determined by j as well. Using (3.1) and (2.12) we get from Theorem
6.1 of [KR1℄ diretly an expression for (Z(j1), Z(j2)) using the invariants βi and ηi of j
dened by the quadrati form q. For later use we translate this formula into an expression
depending on the invariants αi and εi dened by the quadrati form Q.
Theorem 3.1 Let p > 3, let j1, j2 ∈ V [∗], and let j be their Zp-span in End(N,V ).
Assume that j is of dimension 2 and nondegenerate. Using the same notations as above
the following formula holds
(Z(j1), Z(j2)) =
α1 + α2 + 3−

p(α1+1)/2 + 2p
(α1+1)/2−1
p−1 if α1 is odd and χ(η∗ε1) = −1
(α2 − α1 + 1)p
(α1+1)/2 + 2p
(α1+1)/2−1
p−1 if α1 is odd and χ(η∗ε1) = 1
2p
α1/2+1−1
p−1 if α1 is even,
where χ denotes the quadrati residue harater on Z×p resp. F
×
p .
(Note that in ase α1 = α2 this expression does not depend on ε1. Note also that ε∗
is well dened up to multipliation by a unit of Zp and hene χ(η∗) is well dened.) 
Remark 3.2 Theorem 3.1 is still valid for p = 3 provided that α1 ≥ 1. Indeed, the only
point where we used p > 3 is in Lemma 2.6 for the nilpotene of the pd-struture of the
maximal ideals of rings of the form A = W [x]/(x2− pε, xr). These rings are only needed
in the proof of Proposition 2.9. Looking bak at this proof and using the same notation,
we see that in ase (i) and in ase (iii) we do not need these rings if we only want to
determine Z(j)pure in a neighborhood of the superspeial point x we are onsidering. In
ase (ii) rings of the above form are also needed to determine Z(j)pure in a neighborhood
of x if and only if m = 0. But in this ase we have νp((psj)
2) = 1, sine a is divisible by
p and b0 and c are units. Hene, if p = 3 and α1 ≥ 1 (and hene β1 > 1), we see that
Z(j1)
pure
and Z(j2)
pure
are given by the same equations as in ase p > 3.
4 An appliation to Arithmeti Hirzebruh-Zagier yles
We onsider a supersingular formal p-divisible group A over k of height 4 and dimension
2 whih is equipped with an ation
ι0 : Zp2 → End(A),
suh that A is speial with respet to ι0. We further assume that A is equipped with a
polarization
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λ : A
∼
−−−−→ Aˆ,
suh that for the Rosati involution ι0(a)
∗ = ι0(a).
We onsider the following funtor MHB on the ategory Nilp of W -shemes S suh
that p is loally nilpotent inOS . It assoiates to a sheme S ∈ Nilp the set of isomorphism
lasses of the following data.
(1) A p-divisible group X over S, with an ation
ι0 : Zp2 → End(X),
suh that X is speial with respet to this Zp2-ation.
(2) A quasi-isogeny of height zero
̺ : A×Spec k S → X ×S S,
whih ommutes with the ation of Zp2 suh that the following ondition holds. Let
λS : AS → AˆS be the map indued by λ. Then we require the existene of an
isomorphism λ˜ : X → Xˆ suh that for the indued map λ˜S : XS → XˆS we have
λS = ˆ̺◦ λ˜S ◦ ̺.
(Here, as in the preeding setions, a p-divisible group X over S with Zp2-ation is
said to be speial if the indued Zp2 ⊗OS-module LieX is, loally on S, free of rank 1.)
Denote the isorystal of A by N . From the polarization λ we get we a perfet
sympleti form 〈, 〉 on the Dieudonné module of A and hene also on N . Let Λ0 be a
W -lattie in N whih is stable under F and V and under the ation of Zp2 and for whih
the dual lattie equals Λ0 (via the identiation indued by 〈, 〉.) Then setting L = {Λ0}
and OB = Zp2 , the funtor M
HB
is a speial ase of [RZ℄, Denition 3.21. (In this
denition there are imposed some additional onditions whih are automati here.) By
Theorem 3.25 of lo. it. the funtor MHB is representable by a formal sheme whih
we also all MHB . This formal sheme is formally loally of nite type over W and is
formally smooth over Zp.
Following [KR2℄, 5, we dene in this ontext the spae of speial endomorphisms
V
′
= {j ∈ End(N); jι0(a) = ι0(a
σ)j and j∗ = j},
where ∗ denotes the adjoint with respet to the alternating form 〈, 〉. As shown in
lo. it., V
′
is a 4-dimensional vetor spae over Qp with quadrati form
Q(j) = j2.
For j ∈ V
′
we dene the speial yle Z(j) assoiated to j to be the losed formal
subsheme of MHB onsisting of all points (X, ̺) suh that ̺ ◦ j ◦ ̺−1 lifts to an endo-
morphism of X. Again, the fat that Z(j) is a losed formal subsheme of MHB follows
from [RZ℄, Proposition 2.9.
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We x j1 ∈ V
′
with j21 = ε1p for some unit ε1 ∈ Z
×
p . (In [KR2℄, p. 188 the spae V
′
is desribed more preisely and from this desription one easily sees that suh j1 exist.)
Our next aim is to identify Z(j1) with the Drinfeld moduli sheme M introdued in 2.
Let ε ∈ Z×
p2
be suh that ε · εσ = ε1. Let (X, ̺) ∈ Z(j1). We dene an OB-operation
ι on the points X by keeping the Zp2-ation ι0 and by setting ι(Π) = ι(ε
−1)j1. Sine
A has height 4, for any point (X, ̺) the p-divisible group X also has height 4. Sine
X is speial, it has dimension 2. We must hek that the ondition given in (2) in the
denition of MHB is automati for M. But this is done in the proof of Proposition 3.3,
Chapitre III of [BC℄. (We may suppose that X is superspeial. Then the diagram on p.
138 of lo. it. in ase S = Spec(B), where B is a Znrp -algebra in whih p is nilpotent, is
the diagram that we need in this ase (in lo. it. the isomorphism λ˜ is alled p). Sine
the solution for λ˜ is unique in this ase, we get the general ase by glueing the solutions
in formal neighborhoods of the geometri points.)
We dene
V
′
[j1] = {j ∈ V
′
| j ⊥ j1 with respet to the bilinear form assoiated to Q}.
Lemma 4.1 Let j, j
′
∈ V
′
. Then ι0(δ)j
′
j has trae 0.
Proof. We an hoose a basis e1, e2, e3, e4 of the Dieudonné module M of A suh that
e1, e2 ∈M0 and e3, e4 ∈M1 and suh that the matrix of j resp. the matrix of j
′
has the
form
j =

d −b
−c a
a b
c d
 , resp. j′ =

d
′
−b
′
−c
′
a
′
a
′
b
′
c
′
d
′
 .
(Compare the proof of Proposition 4.5 below or [KR2℄, 5.) The diagonal entries of jj
′
are (da
′
− bc
′
), (−cb
′
+ ad
′
), (ad
′
− bc
′
), (−cb
′
+ da
′
). Sine ι0(δ) ats on M0 by multipli-
ation by δ and on M1 by multipliation by −δ, the laim follows. 
Proposition 4.2 Let ∗ = Int(δj1) where we identify B with Qp2 [j1]. If j ∈ V
′
[j1] then
j is ∗-speial.
Proof. Sine for j ∈ V
′
[j1] we have jι(δ)j
−1 = ι(−δ) and jj1j
−1 = −j1, it follows that
jι(a)j−1 = ι(a∗) for all a ∈ B. Using lemma 4.1 the laim follows. 
From this proposition we onlude
Corollary 4.3 Let j ∈ V
′
[j1]. Identifying Z(j1) with M as above, the intersetion
Z(j1) ∩ Z(j) equals the antispeial yle Z(j) in M. 
Remark 4.4 In [KR2℄, p. 243 it is erroneously asserted that onjugation by j ∈ V
′
[j1]
indues the main involution on B.
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Proposition 4.5 Let j ∈ V
′
be suh that Q(j) 6= 0 and Z(j) 6= ∅. Then Z(j) is a
divisor in MHB.
Proof. Let x ∈ MHB be a losed point whih belongs to Z(j), and let R be the loal
ring OMHB ,x. Let J be the ideal of R oming from the ideal sheaf of Z(j), and let m be
the maximal ideal of R. We must show that J is a prinipal ideal. Let A := R/(mJ),
and let A := R/J . We have A = A/I, where I = J/(mJ). By Nakayama's lemma it is
enough to show that I is a prinipal ideal. Sine I2 = 0, the ideal I arries a nilpotent
pd-struture. Now A is separable and omplete for the topology dened by the ideal (p).
Therefore, by onsidering projetive limits, it follows that we an apply Grothendiek-
Messing theory for the pair A, A. There is an A-valued and an A-valued point of MHB
in the natural way. The latter also gives an A-valued point of Z(j). Let M be the value
in A of the rystal of the p-divisible group belonging to the A-valued point ofMHB , and
let M be the value in A of the rystal of the p-divisible group belonging to the A-valued
point of MHB . These are free modules of rank 4 over A resp. A, whih are equipped
with a perfet alternating form 〈, 〉 and a Zp2-ation ι0 suh that ι0(a) is selfadjoint. We
have M = M ⊗A A. From the Zp2-ations we get Z/2-gradings M = M0 ⊕M1 resp.
M = M 0 ⊕M1.
Let F →֒ M be the Hodge ltration over A orresponding to the A-valued point
of Z(j). (The submodule F is free of rank 2 and stable under Zp2 and under j.) By
Grothendiek-Messing Theory, to a lifting of the orresponding p-divisible group over A
orresponds a lifting of the Hodge ltration over A. Let F →֒M be the Hodge ltration
orresponding to the A-valued point of MHB . This lifts the Hodge ltration over A.
Let {e1, e2, e3, e4} be a basis of M suh that e1, e2 ∈ M0 and e3, e4 ∈ M1. Then the
images ei of the ei in M form a basis of M . We may suppose that {e2, e3} is a basis
of F . Sine M0 ⊥ M1 (whih follows from the fat that ι0(δ) is selfadjoint), and sine
the determinant of the matrix of the bilinear form 〈, 〉 is a unit, we may suppose that
〈e1, e2〉 = 〈e3, e4〉 = 1. As in [KR2℄, 5 it follows that with respet to the basis e1, ..., e4
the matrix of j has the form
j =
(
j1
j0
)
,
where ji ∈ Hom(Mi,Mi+1) and j1 = j
∗
0 . Further for
j0 =
(
a b
c d
)
,
we have
j1 = j
∗
0 =
(
d −b
−c a
)
.
Sine F lifts F we nd a basis f0, f1 of F suh that f0 = e2+m1e1 and f1 = e3+m4e4
for some m1,m4 ∈ I.
Now, let b ⊂ I be an ideal in A and let B = A/b.
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Claim: The map SpecB →MHB fators through Z(j) if and only if bm4−cm1−d =
0 in B.
By the same reasons as above we may apply Grothendiek-Messing theory to the pairs
B,A and A,B. LetMB be the value in B of the rystal of the p-divisible group belonging
to the B-valued point of MHB . It equals M ⊗A B. To the lifting SpecB → M
HB
of
SpecA → MHB orresponds the Hodge ltration FB →֒ MB , where FB = F ⊗A B.
(Note that the map SpecA→MHB lifts SpecB →MHB.)
InMB we have j(f0) = be3+de4+m1(ae3+ce4). The image j(f0) lies in FB if and only
if j(f0) = xf1 inMB for some x ∈ B. That means be3+de4+m1(ae3+ce4) = x(e3+m4e4)
in MB, hene x = b+ am1 and xm4 = d+ cm1 in B, and hene
j(f0) ∈ F ⇔ bm4 − cm1 − d = 0 in B.
Evaluating the orresponding ondition for j(f1) one gets the same equation. This on-
rms the laim.
In ase b = I it follows in partiular that bm4 − cm1 − d = 0 in A. Hene in A
we have an inlusion (bm4 − cm1 − d) ⊂ I. Therefore we an apply the laim in ase
b = (bm4 − cm1 − d) and onlude that the map SpecA/(bm4 − cm1 − d) → M
HB
fators through Z(j). On the other hand, by denition, I is the minimal ideal of A
with the property that SpecA/I → MHB fators through Z(j). It follows that I =
(bm4 − cm1 − d).
It remains to show that the equation for Z(j) is nowhere trivial. If the equation is
trivial in some loal ring of MHB then it follows that there is some (open) formal ane
neighborhood in whih the equation for Z(j) is trivial. If the equation for Z(j) is not
trivial in some loal ring of MHB then it follows that there is some (open) formal ane
neighborhood in whih Z(j) is given by one non trivial equation. It follows that the
set of points of MHB in whose loal ring the equation for Z(j) is trivial and the set of
points ofMHB in whose loal ring the equation for Z(j) is not trivial are both open. By
[KR2℄, Lemma 8.2 the latter set is not empty. Sine MHB is onneted, it follows that
the equation for Z(j) is nowhere trivial. 
Lemma 4.6 Suppose that j ∈ V
′
[j1]. Then
OZ(j1) ⊗
L
O
MHB
OZ(j) = OZ(j1) ⊗OMHB OZ(j).
More preisely, the objet of the derived ategory on the l.h.s. is represented by the r.h.s..
Proof. By Proposition 4.5 we know that Z(j1) = M is a divisor in M
HB
. Hene,
loally on MHB , there is an exat sequene
0 −−−−→ OMHB
f
−−−−→ OMHB −−−−→ OM −−−−→ 0,
where f = 0 is the equation of Z(j1). Using this resolution we see that OZ(j1) ⊗
L
O
MHB
OZ(j) is represented by the omplex OZ(j)
f
−−−−→ OZ(j). Its ohomology sheaves are
OZ(j) ⊗OZ(j1) and T or
O
MHB
1 (OZ(j1),OZ(j)).
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Hene we only have to show that T or
O
MHB
1 (OZ(j1),OZ(j)) = 0. So we have to show
that in every loal ring of Z(j) the image of f is not a zero divisor. For this we onsider
a loal ring of MHB . Let g = 0 be the equation for Z(j) in this loal ring. (The proof
of Proposition 4.5 shows that Z(j) is in fat given by one equation in any loal ring
of MHB .) Then we have to show that g and the image of f in the loal ring have no
ommon prime divisor. (Sine MHB is regular, its loal rings are unique fatorization
domains.) Assuming the ontrary it would follow that M and Z(j) have a ommon
omponent. But this ontradits the fat that their intersetion is pure one dimensional
by the results of setion 2, whih we an apply beause of Corollary 4.3. 
Let j2, j3 ∈ V
′
[j1] be suh that the Zp-span j = Zpj2+Zpj3 has rank 2 as a submodule
of V
′
and suh that Q indues a nondegenerate bilinear form on j. We further suppose
that the matrix of the bilinear form on j assoiated to Q with respet to the basis j2, j3 is
equivalent to diag(ε2p
β2 , ε3p
β2) with εi ∈ Z×p and 1 ≤ β2 ≤ β3. In this situation we dene
the intersetion produt of Z(j1), Z(j2) and Z(j3) by the Euler-Poinaré harateristi
of the derived tensor produt,
(Z(j1), Z(j2), Z(j3)) := χ(M
HB ,OZ(j1) ⊗
L OZ(j2) ⊗
L OZ(j3)).
This is well dened sine Z(j1) ∩ Z(j2) ∩ Z(j3) is proper over Spec k. Indeed, Z(j1) ∩
Z(j2)∩Z(j3) = (M∩Z(j2))∩(M∩Z(j3))). This is inluded in Z(Πj2)∩Z(Πj3) regarded
as an intersetion of speial yles inside M. But this is proper over Spec k by [KR1℄,
Proposition 3.6 and Corollary 2.14.
Proposition 4.7 There is an equality of intersetion multipliities on MHB resp. M,
(Z(j1), Z(j2), Z(j3)) = ((M∩ Z(j2)), (M∩ Z(j3))),
where we regard the intersetions M∩ Z(ji) as antispeial yles in M, f. Corollary
4.3.
The latter intersetion multipliity is given expliitly by Theorem 3.1 for ∗ = Int(δj1)
after replaing j1, j2 in this theorem by j2, j3.
Proof. We have
χ(MHB ,OZ(j1) ⊗
L OZ(j2) ⊗
L OZ(j3))
=χ(MHB , (OZ(j1) ⊗
L OZ(j2))⊗
L
OZ(j1)
(OZ(j1) ⊗
L OZ(j3))).
By Lemma 4.6, and sine Z(j1) =M, the latter expression equals
χ(M, (OM ⊗OZ(j2))⊗
L
OM
(OM ⊗OZ(j3))) = χ(M,OM∩Z(j2) ⊗
L OM∩Z(j3))
=((M∩ Z(j2)), (M∩ Z(j3))).
Using Proposition 4.2 and Corollary 4.3 it follows that this intersetion multipliity an
be alulated as in Theorem 3.1 for ∗ = Int(δj1). 
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5 Representation densities
We reall that, for S ∈ Symm(Zp) and T ∈ Symn(Zp) with det(S) 6= 0 and det(T ) 6= 0,
the representation density is dened as
αp(S, T ) = lim
t→∞
p−tn(2m−n−1)/2 | {x ∈Mm,n(Z/p
tZ); S[x]− T ∈ ptSymn(Zp)} | .
Given S as above, let
Sr =
S 1r
−1r
 .
Then there is a rational funtion AS,T (X) of X suh that
αp(Sr, T ) = AS,T (p
−r).
Let
α
′
p(S, T ) =
∂
∂X
(AS,T (X))|X=1.
(Comp. [KR1℄, 7.)
Let j1 be as in setion 4, and let j2, j3 ∈ V
′
[j1] also be as in setion 4, i.e. suh
that the Zp-span j = Zpj2 + Zpj3 is of rank 2 and nondegenerate for the bilinear form
assoiated to the quadrati form Q, and suh that the matrix of this bilinear form on
j with respet to the basis j2, j3 is equivalent to diag(ε2p
β2 , ε3p
β2) with εi ∈ Z×p and
1 ≤ β2 ≤ β3. Let S = diag(1,−1, 1,−∆). Then T = diag(ε1p, ε2p
β2 , ε3p
β2) is represented
by the spae V
′
, hene T is not represented by S, see [Ku℄, Proposition 1.3.
Theorem 5.1 Using the notation just introdued we have
(Z(j1), Z(j2), Z(j3)) = −
p4
(p2 + 1)(p2 − 1)
α
′
p(S, T ).
Proof. Let η ∈ Z×p , and let S(η) = diag(1,−1, 1,−η) so that S = S(∆). Then it follows
from [S℄, Lemma 3.5, that there is a polynomial gT (X) ∈ Z[X] suh that αp(S(η)r, T ) =
gT (χ(η)·p
−r−2). On the other hand, by [Ka℄ there exists a polynomial fT (X) ∈ Q[X] with
αp(S(1)r, T ) = fT (p
−r). Hene for any r ∈ N we have gT (p−r−2) = fT (p−r) and hene
gT (p
−2X) = fT (X). Therefore αp(Sr, T ) = fT (−p
−r) and hene AS,T (X) = fT (−X).
Katsurada's polynomial fT (X) is given expliitly in [W℄. Following this artile, we an
write
fT (X) = γ˜p(T ;X)F˜p(T ;X),
where
γ˜p(T ;X) = (1− p
−2X)(1 − p−2X2)
and where F˜p(T ;X) is dened as follows. First we dene some invariants of T =
diag(ε1p, ε2p
β2 , ε3p
β2). Let
ξ˜ =
{
χ(−ε1ε2) if β2 is odd,
0 if β2 is even,
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and let
σ =
{
2 if β2 is odd,
1 if β2 is even.
Further, let
η =
{
+1 if T is isotropi,
−1 if T is anisotropi.
By [W℄, 2.11, we then have
F˜p(T ;X) =
1∑
i=0
(1+β2−σ)/2−i∑
j=0
pi+jXi+2j
+ η
1∑
i=0
(1+β2−σ)/2−i∑
j=0
p(1+β2−σ)/2−jXβ3+σ+i+2j
+ ξ˜2p(1+β2−σ+2)/2
1∑
i=0
β3−β2+2σ−4∑
j=0
ξ˜jXβ2−σ+2+i+j .
To distinguish whether T is isotropi or anisotropi we reall the following fat (see [W℄,
p. 189). Let i, j ∈ {1, 2, 3} with i 6= j and βi ≡ βj mod 2, and dene k ∈ {1, 2, 3} by
{i, j, k} = {1, 2, 3}. Then T is isotropi if and only if χ(−εiεj) = 1 or βk ≡ βj mod 2.
On the other hand, sine T is represented by V
′
we have
−1 = (−1)1+β2+β3χ(−1)1+β2+β3+1·β2+1·β3+β2β3χ(ε1)
β2+β3χ(ε2)
1+β3χ(ε3)
1+β2 , (5.1)
see [Ku℄, (1.16).
Now we evaluate α
′
p(S, T ) =
∂
∂X (γ˜p(T ;−X)F˜p(T ;−X))|X=1. We show that α
′
p(S, T )
equals −(1 + p−2)(1 − p−2) times the expression given in expression given in Theorem
3.1 in ase ∗ = Int(δj1) (omp. Proposition 4.7) after replaing ε1 resp. ε2 and α1 resp.
α2 in Theorem 3.1 by ε2 resp. ε3 and β2 resp. β3. In the notation of Theorem 3.1 we
have η∗ = −∆ε1 . (Note that by Remark 3.2 (using β ≥ 1) we do not need to exlude
the ase p = 3.) Using these substitutions we distinguish the same ases as in Theorem
3.1.
First ase: β2 is odd and χ(−∆ε1ε2) = −1, i.e. χ(−ε1ε2) = 1.
It follows immediately that ξ˜ = 1 and σ = 2.
By (5.1) we get −1 = (−1)β3χ(−ε1ε2)
1+β3
, hene β3 is odd. From the riterion
above we see that T is isotropi and hene η = 1. Now an easy alulation shows
F˜p(T ;−1) = 0 and
∂
∂X
F˜p(T ;−X)|X=1 = −β2 − β3 − 3 + p
(β2+1)/2 + 2
p(β2+1)/2 − 1
p− 1
,
whih yields the laim in this ase.
Seond ase: β2 is odd and χ(−∆ε1ε2) = 1, i.e. χ(−ε1ε2) = −1.
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It follows immediately that ξ˜ = −1 and σ = 2. We distinguish the subases β3 even
and β3 odd.
If β3 is even we see from the riterion above that T is anisotropi and hene η = −1.
If β3 is odd the riterion shows that T is isotropi and hene η = 1.
In both ases an easy alulation shows F˜p(T ;−1) = 0 and
∂
∂X
F˜p(T ;−X)|X=1 = −β2 − β3 − 3 + (β3 − β2 + 1)p
(β2+1)/2 + 2
p(β+1)/2 − 1
p− 1
,
whih yields the laim in this ase.
Third ase: β2 is even.
It follows immediately that ξ˜ = 0 and σ = 1. We distinguish the subases β3 even
and β3 odd.
If β3 is even we get from (5.1) that χ(−ε2ε3) = 1, and by the riterion above T is
isotropi in this ase and hene η = 1.
If β3 is odd we get from (5.1) that χ(−ε1ε3) = −1, and by the riterion above T is
anisotropi in this ase and hene η = −1.
In both ases an easy alulation shows F˜p(T ;−1) = 0 and
∂
∂X
F˜p(T ;−X)|X=1 = −β2 − β3 − 3 + 2
pβ2/2+1 − 1
p− 1
,
whih yields the laim in this ase. 
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